I. INTRODUCTION
Modern pianos include ''bichord'' and ''trichord'' groups of two and three strings, respectively, each group serving for one note and all strings in the group being tuned to unison. The preference of auditors for unisons with ''mistunings'' between the strings of the group has been the subject of investigation by Kirk, 1 and acoustical reasons for mistunings being present as a consequence of expert tuning have been shown by Weinreich. 2 The term mistuning is defined as a frequency difference between partials with the same partial number, one for each string, when the strings are sounded in isolation from each other. Mistuning does not necessarily imply an ''out of tune'' condition of the unison with all strings sounding. Reasons for the presence of mistuning have been shown by Weinreich to include the fact that partial decay rate is functionally related to it. This provides the opportunity in tuning to compensate for the effects of ''irregularities'' in the piano hammer strike on the unison tone and decay.
It is proposed here, using a theoretical model, that a further reason for mistunings being present as a result of expert tuning may arise where the reactive part of transverse bridge boundary admittance is anisotropic, leading to ''false beats'' 3 in audible partial decay. The term false beat 4 ͑''falseness''͒ is a standard part of piano tuning terminology, and refers to a beat pattern that is often present in the decay curve of one or more audible partial tones 5 of a single string, indicating that the audible partial is not radiated from a single normal mode, but from a mode pair close in frequency. Such a pair would occur within the mode frequency series that is otherwise approximately harmonic ͑except for some inharmonic dispersion due to string stiffness͒. It is proposed that the latter mistuning may occur where the artist tuner aims to eliminate beating as much as possible from the unison, which is standard tuning procedure. 6 This proposition is applicable even where the false beat rate in the isolated string may be so slow that the tuner may not necessarily have even regarded the string as ''false.' ' Hundley, Benioff, and Martin reported that the vibration of a single string at one partial frequency ''does not typically exhibit a multiple decay rate,'' 7 but Weinreich's recordings of a single string through a microphone placed near the piano 8 reveal a dual decay rate. Schuck and Young, 9 and Wolf and Sette 10 have also recorded beat patterns in the decays of various single-string partials. In general, single-string partials may decay with or without the presence of a regular beat pattern.
It is recognized that horizontal 11 and vertical string motions exhibit different decay rates, motion in the ''horizontal'' direction decaying more slowly. However, the hammer strike is ''vertical,'' 12 and horizontal motion greater than that provided by the initial motion cannot establish itself unless normal modes exist whose mode coordinates are neither horizontal nor vertical. In either vertical or horizontal axes general motion following a hammer strike will then be a superposition of the normal modes. For slightly differing normal-mode frequencies, the superposition would be expected to be a decaying beat pattern. Very slow beats oscillating between horizontal and vertical directions have been observed in bass piano strings by Tanaka, Nagai, and Mizutani.
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II. ''FALSE BEATS''
A. Practical effects of false beats ''False beats'' are a hazard in the attempt to eliminate beating in a unison or octave, or the attempt to set a specific beat rate in a tempered interval, because their beat rate is often inherited by the spectrum of the tuned interval, and often remains present no matter what tuning condition between the strings is selected. In tuner's terminology, a false beat cannot necessarily be ''tuned out,'' so it may frustrate any attempt to ''tune out'' beating altogether from the unison.
However, excellent artist tuners also know that often any such ''inherited'' beat in the unison pair ͑or indeed trichord͒ may be ''hidden'' by judicious fine-tuning adjustment, so that it is much less noticeable than the false beat in the single string. The technique of ''hiding'' falseness results in changes to the audible decay patterns of false unison partials, and in particular the reduction of a false beat's audible amplitude. In some cases, after tuning a unison to ''hide'' slow falseness, the partial decay of the unison pair may even appear to be ''beatless'' when both strings are sounding. Despite this, the false string, if sounded on its own by muting the other strings with a wedge, still exhibits the false beat. This ability to hide or reduce the appearance of false beats is an essential part of the art of fine tuning.
B. The term ''false'' and incidence of falseness
The term ''false'' may have been ''traditionally'' used by many tuners to refer to a relatively fast-beating lower partial, and to imply a kind of ''fault.'' In fact, as long as the term false is used to refer to any discrete, audible partial that exhibits a beat or irregular pattern in its decay, then the term false can include all partials whose false ''beat rate'' may be very slow indeed-too slow for most tuners to call the string false, but still sufficient to alter the decay curve within the audible decay time. In these terms, false behavior may be thought of as relatively common, rather than occasional.
III. SINGLE STRING TRANSVERSE MOTION IN TWO PLANES
A. Normal modes
In a single plane, small-amplitude normal-mode motion in y of an ideal string, tensioned between rigid boundaries, with speaking length along the x axis, can be written in the form
where 0 ϭc/l is the fundamental angular frequency, c is the phase velocity, and l is the speaking length. C n can be regarded here as containing both amplitude and phase information. The series for n constitutes the mode numbers of modes with the harmonic series of frequencies n 0 ϭ n , determined by the phase velocity and the speaking length. In the case of a real piano string the mode frequencies would be subject to dispersion due to string stiffness ͑inharmonicity͒, but this will be of no consequence in the following discussion.
Replacing one of the rigid boundaries by a bridge boundary capable of small motion results in a change to the frequency n , given by 14 ␦ n ϭiZ n Y n n /,
͑2͒
where n is the frequency for a rigid boundary, Z n is the wave impedance of the string, and Y n is the complex bridge admittance. In the case where both the string and the movable bridge boundary are capable of transverse motion in two planes, the bridge boundary admittance can be specified as a complex matrix and the right-hand side of Eq. ͑2͒ can consequently also be evaluated as a complex matrix. Any elliptically polarized mode ͑when the real parts of the resulting eigenfrequencies are equal͒ will resolve into two modes linearly polarized with directions and phases determined by the bridge admittance matrix. However, the eigenfrequencies can also differ in their real parts, replacing one n with two frequencies ͑in general, the transverse motion of the bridge will then describe a parametric locus͒. The former case corresponds to bridge admittance that in its reactive part is isotropic around x, and the latter case to anisotropic reactive bridge admittance.
In the discussion that follows, the partial number j ϭ1,2,...,ϱ corresponds to the series of n values, but labels motion that may contain two eigenfrequencies ͑in place of a single frequency n ) as a result of transverse anisotropy in the reactive part of the bridge admittance. These will be close compared to the separation of frequencies between two adjacent members of the harmonic series ͑in which the n values fall͒, and can be responsible for the perceived audible false beat.
B. Parameter magnitudes
Using the grand piano arrangement in which the strike axis can be referred to as ''vertical,'' it is reasonable to assume that the decay rate in the horizontal axis will be about a quarter of that in the vertical axis. It is the ratio of these rates that affects the generic nature of the decay curve shape, and this ratio accords reasonably well with ratios in the ''vertical'' and ''horizontal'' directions that have been empirically recorded for single strings in grand pianos, by Hundley, Benioff, and Martin, 15 and Weinreich. 16 It might have been expected from the structural form of the bridge-soundboard system, that the reactive part of the bridge admittance would show a similar magnitude of variation between vertical and horizontal directions. However, Weinreich shows that the reactive part is approximately the same for both directions, and is only of comparable magnitude to the resistive part in the vertical direction. 17 Experimental results conclude that the angular variation of the reactive part of the bridge admittance is at least a factor of 10 smaller than the variation in the resistive part. 18 In the model proposed here, an almost isotropic reactive admittance would correspond to a situation in which the string would not exhibit a significant false beat at the frequency measured. Weinreich's investigations suggest a vertical bridge admittance of Y Ϸ10 Ϫ3 s/Kg and a characteristic impedance of about 2 Kg/s for a middle octave string, 19 so from Eq. ͑2͒, the difference between eigenfrequencies when the reactive admittances are in, for example, the ratio 1:0.925, would for the fundamental of middle C at 261.65 Hz, produce less than 1 beat per 10 seconds. The estimated order of anisotropy in the reactive part of the bridge admittance, necessary to produce a beat frequency of at least 1 Hz, would be expected to be in the order of 6:1. For strings higher in the compass, the bridge admittance would be expected from design principles to be smaller relative to the string's characteristic impedance, but the fundamental frequencies are much greater. As a result, the anisotropy at the higher treble string boundaries necessary to produce a beat frequency of at least 1 Hz would be expected to be much smaller.
Although Weinreich's results showed a variation of this magnitude not to be present, Sec. IV below discusses how local physical boundary conditions might nevertheless cause large localized anisotropy in the reactive part of the bridge admittance. Rather than being considered an anomaly, the local effects of the individual bridge ͑side draft͒ pin, for example, might actually explain how the reactive admittance could in other cases be almost isotropic, when this would not normally be expected from the overall structural design of the bridge-soundboard system.
IV. DISCUSSION OF PHYSICAL CAUSES
It is possible that factors other than anisotropic boundary conditions, such as nonuniformity in the string, or torsional stress, may cause false beats, but the presence of locally anisotropic boundary conditions may remain as an important cause in the case of piano strings in situ, where strings are of the highest quality and there are no stringing faults.
The soundboard bridge ͑''long bridge''͒ end of the speaking length of the string, terminates in an arrangement where the string physically continues across the bridge surface ͑about 2 cm͒ but is drafted sideways a few degrees past the first side draft pin ͑''bridge pin''͒. The pin is angled into the bridge surface to resist the side-draft force of the string, and to ensure a good contact between the string and the flat bridge surface. The pin itself may not be acoustically rigid. The small dimensions of the pin, coupled with the high tension in the string it drafts sideways, leads to a significant pressure in the wood around the pin hole, which on some older instruments develops very small splits. Where there is an actual fault such as loss of downbearing, 20 the string may not fully contact the bridge surface at the pin, and may even pass the pin fractionally above the surface of the bridge. The pin then effectively acts as a cantilevered support of the string, its own elastic properties being significant as a possible cause of anisotropic boundary conditions. For an arbitrary speaking length of 1 m, and a string diameter of 1 mm, at middle C ͑261 Hz͒ a speaking length variation of 0.1 mm between two normal planes will only account for a frequency difference between the two planes of around 1/40th Hz in the fundamental. However, for the top C88 with a speaking length say, 0.08 that of middle C, the same variation in speaking length can account for a frequency difference of around 5 Hz in the fundamental. The magnitude of variation in localized conditions ͑confined to the influence of the bridge pin͒ may be similar for all strings, resulting in an expected greater frequency difference in the treble and higher treble strings. In the present model, variation in speaking length l measured on different planes can also be included as part of the anisotropy in the boundary admittance for a constant speaking length, given that the physical effect of reactive boundary admittance can be conventionally considered as a lengthening or shortening of the wavelength on the string, due to a shift in the position of the boundary node.
V. COUPLED STRINGS: HIDING OR DISGUISING FALSENESS
A. Mathematical model
Weinreich has shown that in the fine-tuning region, the bridge coupling between the strings of a unison pair leads to behavior significantly different from that which would be expected for the uncoupled system. 2 It is possible to propose a further model representing a situation where motion in two planes is accounted for, and one string has anisotropic localized boundary conditions at the bridge, leading to falseness. In this case the uncoupled system has potentially four oscillators corresponding to the two pairs of individual string normal modes ͑it cannot be assumed, however, that in the general case the normal modes of the coupled system have their mode axes aligned with those of the uncoupled system͒. Figure 1 represents the model adopted for the arrangement of oscillators in the uncoupled system, for strings 1 and 2.
The bridge admittance in this model, in the absence of localized variations, is based on the parameters indicated by Weinreich's results and as discussed in Sec. III B above, i.e., its reactive part is isotropic around the string's speaking length axis, while its resistive part is the same magnitude as the reactive in the vertical axis, but a quarter of this in the horizontal.
For one partial j the uncoupled system thus comprises four oscillators, each oscillator k having displacement q in the form
The general equation of motion for the coupled system derived from the perturbation theory 21 is
where ⌿ is a vector of all the k 's, and ⍀ is a matrix whose elements kkЈ are the frequency perturbation on oscillator k by the coupling mechanism and oscillator kЈ. For a perturbation 2 due to ''mistuning'' considered applied to one string only, the matrix extended from that used by Weinreich, is in the form
where complex ␥ mn is the perturbation on oscillator m by the bridge and oscillator n, and L n is the localized perturbation on axis n. When ␣ 1 ϭ␣ 2 ϭ0 or 2, and L 1 ϭL 3 ϭ0 ͑corresponding to isotropic reactive bridge admittance and only two normalmode motions, aligned with the strike axis͒, the eigenfrequencies of ⍀ are the same as those for the 2ϫ2 matrix in the single plane model. In the latter, illustrated by Weinreich, the coupled system exhibits two modes, one ''symmetric,'' and one ''antisymmetric,'' aligned with the conventionally chosen vertical direction of the single-string oscillators. Effectively, in the symmetric mode, the two oscillators are ''in phase,'' and in the antisymmetric mode they are ''out of phase.'' The present model for two planes also yields modes that are symmetric and antisymmetric, but in this case now they are in orthogonal pairs. There is a large number of possible configurations of the parameters, and the proposed principle of hiding false beats, whose effectiveness does depend on the parameter configuration, can be illustrated through a simplified matrix putting ␣ 1 ϭ␣ 2 ϭ/4, so that
Setting ␣ 1 ϭ␣ 2 for the case where one string only is false means that the isolated motion of the other ͑nonfalse͒ string is still considered as two oscillators in the same two planes as the isolated false string's mode axes ͑even though it could be resolved to one plane͒. Using ␣ϭ/4, the initial displacements of the component oscillators are also equal.
B. Hypothetical resistive bridge
In the hypothetical ''test'' case of a purely resistive bridge, both the real and imaginary parts of the eigenfrequencies of ⍀ in Eq. ͑6͒, appear in two corresponding pairs. When there are no localized perturbations, the two pairs of curves for the real and imaginary parts of the eigenfrequencies-corresponding, respectively, to the coupled system's normal-mode frequencies and their decay rateseach coincide. The graphs then appear visually the same as those for the one plane model, as illustrated by Weinreich. When a localized perturbation is introduced, this has the effect of shifting one pair of eigenfrequencies ͑both the real and the imaginary͒ relative to both axes. Figures 2͑A͒ and ͑B͒ show the effect of introducing a localized perturbation on axis 3, by putting L 3 ϭ3. The real frequencies of each mode pair coalesce across a ''central'' range of mistunings as they would in the one-plane model, but the coalescing range for one of the pairs is no longer centered on zero mistuning, as it is in the one-plane model. In the latter, mistunings in the range 0 to Ϯ1 ͑the single-string decay rate being equal to unity͒ produce no beat ͑there is only one real frequency for any mistuning value in this range͒ but there is a dual decay rate. In the two-plane model the number of differing real frequencies present is never less than two, which occurs when the mistuning is in the range 0.5-1.0. The resulting beat rate ͑as the difference in real frequencies͒ is constant throughout this range. In the middle of this range at a mistuning of 0.75, each real frequency has associated with it the same two different decay rates. Mistunings close to this point, rather than at zero mistuning, might be expected to yield a decay curve that could perhaps be accepted by the piano tuner as a substitute for a beatless decay, where the ideal ͑but in this case unattainable͒ aim is to eliminate beats or fluctuations altogether.
C. ''Realistic'' bridge
In the case of ''realistic'' bridge parameters with the reactive component present, the eigenfrequency pairs are again offset by the presence of a single localized perturbation, Figs. 2C and ͑D͒. If L 1 ϭL 3 0 ͑two equal perturbations͒ the decay rates ͑imaginary eigenfrequencies͒ then coincide, but the real eigenfrequency pairs are still offset in frequency, Fig. 2͑E͒ .
In the hypothetical example of a purely resistive bridge, at zero mistuning the antisymmetric modes have zero decay rates ͑if an antisymmetric mode is the only mode present, the bridge will not move͒, and the symmetric modes have twice the single-string decay rate in that axis direction. However, as in Weinreich's model, an antisymmetric mode will not be present at zero mistuning unless there is a difference in the initial conditions of the two component oscillators. Weinreich suggests how ''imperfections'' in the hammer could lead to the presence of the antisymmetric mode, from the initiation of the system. The present model takes into account mistuning as the only factor that introduces the antisymmetric modes. In the physical case imperfection in the hammer strike, including strike misalignment, especially when there are grooves worn in the hammer face, could also contribute to antisymmetric mode excitation.
For finding generic decay curve shape characteristics, the eigenfrequencies of ⍀͑͒ are applied as perturbations to an arbitrary set of mode frequencies that are equal in their real parts.
Each mode p m of the coupled system ͑where mϭ1 to 4͒ is written as
where v Rm () is the real part of eigenfrequency m and v Im () is its imaginary part. The unperturbed frequency 0 here can in principle be any value ͑since we are interested only in functional dependence on time and ͒. However, in the present model, the resultant decay curves were plotted from the envelope obtained by sampling the actual waveform produced in the strike axis direction. Thus, 0 was included at a suitably high value ͑arbitrarily set at 440 Hz͒ compared to the sampling frequency. Two orthogonal general motions, each superposed from one symmetric and one antisymmetric mode, are possible, and these are written in the model as
Here, each waveform p is multiplied by its decay rate. This is a device for generating a curve ''emulating'' the radiated sound intensity, which is assumed to correlate positively with the decay rate. Thus, at zero mistuning when the antisymmetric decay rate is zero, its initial amplitude is zero ͑corre-sponding to the hammer strike being ''perfectly'' equal on both strings, with no antisymmetric component present͒. Similarly, the symmetric decay rate will at zero mistuning approach double its value at larger mistunings, providing the louder, but faster decaying ''prompt sound.'' Setting the ␣'s with equal values of 45 degrees produces a resultant waveform C(t) in the ''strike'' axis direction, for any fixed mistuning value, in the form
͑9͒
For equal initial string displacements, the generic decay curve shape characteristics can be plotted using simply
To generate a curve representing the overall generic decay pattern in the partial, ͉C(t)͉ was sampled by integrating forward over 1/100th of a second ͑roughly 4 cycles͒ at each sample point, at 20 samples per second, for 5 s. This produces a set of samples E n for nϭ1,2,...,100 for the decay curve. Thus, for unit unperturbed decay rate the graphs of y n ͑in dB͒ are for
where the horizontal axis n represents units of 1/20th s. The value of in G 1 (t,) and G 2 (t,) in the generation of all the graphs is given using ϭM , where M is the mistuning in   FIG. 2 . Eigenfrequencies of ⍀. ͑A͒ Real parts for a hypothetical purely resistive bridge when L 3 ϭ3 and L 1 ϭ0 corresponding to one false string with a false beat frequency of about 0.7 Hz. ͑B͒ Decay rates ͑imaginary part͒ of the same eigenfrequencies for the purely resistive bridge. ͑C͒ Real parts for a ''realistic'' reactive and resistive bridge when L 3 ϭ3 and L 1 ϭ0. ͑D͒ Decay rates for the reactive and resistive bridge of when L 3 ϭ3 and L 1 ϭ0. ͑E͒ Real parts when L 3 ϭL 1 ϭ3, corresponding to two false strings.
Hz, 22 for the model's theoretical single string partial j with unit decay rate.
When L 1 ϭL 3 ϭ0 corresponding to a unison in which neither string is false ͑for this partial number͒, mistuning between the strings produces the expected decaying ''heterodyne beat-like'' pattern. Figure 3͑A͒ shows the pattern for a mistuning of 1 Hz.
It was shown from Eq. ͑2͒, in Sec. III B above, that the local perturbation variation necessary to produce a false beat rate of 1 Hz would need to be in the order of 6:1. Putting L 1 or L 3 in Eq. ͑6͒ equal to 6, with zero mistuning, produces the curve Fig. 3͑B͒ , in which the beat from the false string is inherited by the decay of the coupled unison.
For a sufficiently small false beat rate, there is an ''optimum range'' of mistuning for which the false beat pattern is not ''obviously'' inherited by the unison decay. In this particular model the largest false beat rate for which such an optimum range can be found is approximately 0.7 Hz, for which L 1 or L 3 will equal 3 ͓Fig. 4͑A͔͒. When this false beat rate is present, with increasing mistuning, the decay pattern temporarily becomes less ''turbulent'' ͓Fig. 4͑B͔͒, and more ''quasiexponential,'' up to mistuning values of around 0.3-0.4 Hz ͑which would produce a beat rate of around 1 beat every 2 or 3 s, in the absence of any falseness or bridge coupling͒. Figure 4͑C͒ shows a decay in which the original false beat rate is present but only just discernible, having a greatly reduced beat amplitude. For mistunings greater than this, ''turbulence'' in the decay begins to increase ͓Fig. 4͑D͔͒ until at around 2-Hz mistuning, a beat rate equivalent to the mistuning begins to assert itself in addition to the false beat ͓Fig. 4͑E͔͒. For the faster false beat rate (L 3 ϭ6) of 1 Hz no such position giving a quasiexponential or ''beatless'' decay or dual decay, can be reached.
VI. CONCLUDING REMARKS
The general principle illustrated is that false beats in the decay curve of a partial of a single piano string, caused by anisotropy in the bridge admittance, can be inherited in the decay curve of the unison string pair ͑and by implication, the trichord group͒. However, the beat in the unison group partial may be hidden at certain values of mistuning between the strings, if the single-string false beat rate is not too fast compared to the decay rate. No general algebraic treatment of the functional relationship between parameters has been developed here, but such an understanding is called for. The model presented here is limited; its purpose is to engender further interest in false beat phenomena and its effect on unison tuning. In particular, the concept of hiding false beats through mistuning deserves further investigation.
Because expert piano tuners adjusting the tone of the unison cannot do so by listening merely to the fundamental ͑since the tone is not only dependent on the fundamental͒, it is proposed here that reference should be made to a subset of the audible partials in the unison spectrum that constitutes a set of ''significant partials'' for tuning purposes. It can be speculated that what constitutes significant may not be entirely objective, and that hearing psychology may play a part. Even though a beat inherited at zero mistuning by the unison spectrum may subsequently be hidden by introducing a certain small degree of mistuning between the strings, the required mistuning at a given partial number may or may not be suitable ͑depending on the many parameters͒ to simultaneously hide falseness at another partial number j. Thus, the setting of mistuning between the strings where falseness is present may sometimes be to achieve, at best, a minimum of beating in one or more significant partials, where false beat behavior prevents beat elimination. For sufficiently slow false beat rates, it can be proposed that eliminating beating altogether from the significant partials may still be possible.
From a generalized pure mathematical description for the formation of close-frequency mode pairs in piano strings, it may be possible to derive falseness due to boundary admittance anisotropy, as a specific case. Experienced piano tuners are familiar with a very large range of varying tuning characteristics in pianos, indicating that a general empirical understanding demands investigation of a large number of FIG. 3 . Generic decay curves-beats due to mistuning and false beat inheritance. ͑A͒ Theoretical generic decay pattern of one partial j for the unison when neither string is false, and there is a mistuning of 1 Hz at partial j. n corresponds to 1/20th second. ͑B͒ Theoretical generic decay pattern of one partial j for the unison when one string has a false beat rate of 1 Hz at partial j, and there is no mistuning between the strings at partial j.
strings over a substantial cross section of instruments by different manufacturers. In relation to the present theoretical model, such investigations would require the search for transverse normal-mode axes, and also possibly measurements of audible partial frequency variation as a function of time. Empirical disproving of any part of the present propositions may also suggest or reveal other mechanisms currently unrecognized. FIG. 4 . Generic decay curve patterns of one partial j for a unison with one false string, with increasing mistuning. ͑A͒ One string has a false beat rate of 0.7 Hz at partial j, and there is no mistuning between the strings at partial j. n corresponds to 1/20th second. ͑B͒ Mistuning between the strings at partial j increased to 0.2 Hz. ͑C͒ Mistuning increased to 0.4 Hz. This is probably the ''optimum'' mistuning for achieving a ''quasiexponential'' or ''beatless'' decay. ͑D͒ Mistuning increased to 0.6 Hz. ͑E͒ Mistuning increased to 2 Hz. The beat pattern is now a mixture of both the false beat and a beat due to the mistuning.
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